Elliptic soliton solutions, i.e., a hierarchy of functions based on an elliptic seed solution, are constructed using an elliptic Cauchy kernel, for integrable lattice equations of KadomtsevPetviashvili (KP) type. This comprises the lattice KP, modified KP (mKP) and Schwarzian KP (SKP) equations as well as Hirota's bilinear KP equation, and their successive continuum limits. The reduction to the elliptic soliton solutions of KdV type lattice equations is also discussed.
The lattice KP and Hirota equations
The study of the discrete versions of soliton systems, i.e., systems given by integrable partial difference equations, have become in recent years a focus of attention in the theory of integrable systems. Among those systems, the discrete analogue of Kadomtsev-Petviashvili (KP) equations which define in three dimensional lattice, seem to form a universal class of systems. The first equation of this type was found by Hirota in [12] and was referred to as DAGTE (Discrete analogue of generalised Toda equation) which is the bilinear equation
where the Hirota operators D i produce finite forward-and backward shifts, when acting on a pair of functions, in the corresponding lattice direction, i.e., e D1 f · g = f (n 1 + 1, ....)g(n 1 − 1, ....) .
Special reductions of this equation, are obtained when the coefficients a 1 , a 2 , a 3 satisfy the condition a 1 + a 2 + a 3 = 0, but the full equation is integrable in the sense of multidimensional consistency for arbitrary parameters, see [5] . Miwa [18] reparametrized the equation in that restricted case, and hence in that form it is often referred to as Hirota-Miwa equation 1 . In this paper we will investigate a class of solutions of this and related three-dimensional lattice equations, comprising the following equations:
The bilinear lattice KP equation
(1.
2)
The lattice KP equation
( w − w)(w − w) = ( w − w)( w − w) .
( 1.3)
The lattice modified KP equation
The asymmetric modified KP
The lattice Schwarzian KP
The notation in (1.2)-(1.6) is as follows: all dependent variables are functions defined on the multidimensional lattice with discrete coordinates (n, m, h) ∈ Z 3 , e.g., f = f (n, m, h), and the elementary shifts in the three discrete directions are denoted by f = f (n + 1, m, h), f = f (n, m + 1, h) and f = f (n, m, h + 1). The first equation (1.2) is Hirota's DAGTE after a change of independent variables and a point transformation. The other KP type lattice equations (1.3)-(1.6) where established in [22] in a form containing parameters but which are equivalent to the normalised forms given above by point transformations. In particular, the Schwarzian KP (1.6) was first given in this normalised form in [10] , and was subsequently recovered in [6] , whilst its geometric significance was explored in [15, 14, 9] . All equations (1.3)-(1.6) appear as distinct parameter choices of a generalized lattice KP equation given in [22] , whilst the (1.2) can be viewed as a potential equation for the asymmetric lattice MKP equation. With regard to terminology, we prefer to reserve the name lattice (potential) KP equation for (1.3) rather than for (1.2) or for (1.1) (as is commonly done in the literature), because it is actually the former equation that is more directly related to the actual continuous KP equation whilst the latter two equations are more related to the bilinear form of the KP equation. Similarly, the equations (1.4) and (1.6) can be shown to be related directly to the continuous (potential) modified and the Schwarzian KP respectively equations through continuum limits, cf. [22, 21, 31] , hence their names. It was recently established in [5] that this list of five canonical equations exhausts all possible cases of octahedral type lattice equations, up to equivalence, which are multidimensionally consistent when embedded in the four dimensional lattice.
Some of these equations have been quite widely studied. In particular, eq. (1.1) has arisen in many contexts over the last few years, notably in connection with affine Weyl group description of discrete Painlevé equations, [25] , and in connection with the representation theory of Kac-Moody algebras [13] . An interesting connection was found with the spectrum of Bethe Ansatz states of quantum solvable models, the eigenvalues of which were shown to obey specific versions of Hirota's bilinear equation, cf. [17, 32] . Furthermore, related to this is a connection found in [24] between, on the one hand, pole-type (in the sense of Airault, McKean and Moser [1] ) and soliton solutions of the lattice KP equation and a class of discrete-time many-body systems which effectively are gives rise to integrable correspondences (i.e., multi-valued dynamical maps) which are time-discretizations of the Ruijsenaars model [26, 27] . On the other hand the equations describing these same classical discrete dynamical systems coincide exactly with the Bethe-Ansatz equations for the excitations of quantum integrable models solvable by the quantum inverse scattering transform. It seems from all these intriguing connections that the lattice KP equations exhibit a certain universality in their connection with various types of integrable models involving partial difference equations, classical many-body systems and quantum solvable systems, a full picture of which is not yet understood at this juncture.
In this paper, we consider a novel class of solution of these lattice equations namely soliton type solutions based on an elliptic seed solution. The construction exploits elliptic N × N ′ Cauchy-matrices, and involve also N ′ × N coefficient matrices, which in principle allows for a classification of the solutions according to the Schubert decomposition of a corresponding Grassmannian. Thus, our main result, which provides a general expression for what we accordingly call the elliptic (N, N ′ )-soliton solutions, could form a basis for a similar analysis as was performed in the case of the continuous KP equation by Kodama and Chakravarty, [16] , to describe the soliton taxonomy of the KP equation. Furthermore, our approach yields the various Miura type relations between the different equations and allows to study the various intermediate continuum limits, as well as reductions to lower dimensional equations, in a systematic way.
Cauchy matrix scheme
We will develop now a scheme along the lines of the paper [19, 20] where Atkinson and one of the present authors developed the elliptic soliton solutions for the ABS (Adler/Bobenko/Suris, cf. [4] ) list of two-dimensional lattice equations, based on elliptic Cauchy matrices. That construction provided solutions for all equations of the ABS list up to Q 3 , whereas the case of Q 4 was treated separately using a different approach, cf. [3] .
In this Section we derive the basic relations, and in the next Section we will use these relations to find a general elliptic (N, N ′ )-soliton solution for KP.
Basic ingredients
At this point we find it useful to introduce the Lamé function
where
with σ is the sigma function and we have included an exponential factor together with the Φ-function, breaking the symmetry between the argument of the function and the suffix. Although most of the results of this paper can be obtained in terms of the Φ-function alone 2 , i.e. without adopting the exponential factor, the exponential factor does provide a certain regularisation of the functions involved which may affect their analytic behaviour. The basic identities for the Ψ function are the following:
in which we have introduced
Furthermore, we have the symmetry:
The starting point for our construction is the "bare" non-autonomous Cauchy matrix
depending on a variable ξ depending linearly on independent variables n, m, namely ξ ≡ ξ 0 + nδ + mε + hλ , with δ, ε and λ being the corresponding lattice parameters. We will assume that the set rapidity parameters {κ i , i = 1, . . . , N } is such that κ i + κ ′ j = 0 (modulo the period lattice of the σ-function).
Furthermore, defining 6) and setting κ = ±κ i , κ ′ = ±κ ′ j , we can derive from the basic addition formula (2.3a) the following dynamical properties of the elliptic Cauchy matrix:
We introduce now the plane-wave factors (i.e., discrete exponential functions)
and for the specific values κ = κ i , ρ i := ρ(κ i ) and
where the superscripts " ", " " and " " denote the lattice shifts related to the shift by one unit in the variables n, m and h respectively, making use also of the relations ξ = ξ + δ , ξ = ξ + ε and ξ = ξ + λ which sit inside the coefficients η δ , η ε and η λ . Now we can introduce the N -and N ′ -component vectors
in terms of which we can define now the "dressed" Cauchy matrix:
As a consequence of the relations given earlier, and employing the definitions of the planewave factors, we can now describe the discrete dynamics as follows:
Lemma 2.0.1. The dressed Cauchy matrix M , as defined in (2.12), obeys the following linear relations under elementary shifts of the independent variables n 13) and under shifts of the variable m the similar relations:
and under shifts of the variable h the similar relations:
where, as before, M , M and M denote the shifted Cauchy matrices.
In what follows we will employ the relations (2.13), (2.14) and (2.15) to obtain nonlinear shift relations for specific objects defined in terms of the Cauchy matrix M .
The τ -function and related basic objects
Introduce now the τ -function :
where, since M is in general not a square matrix, the N ′ ×N constant matrix C is introduced to compensate for the discrepancy. The matrix 1 is either the N × N or N ′ × N ′ unit matrices respectively in both determinants. The latter identity is a consequence of the general Weinstein-Aronszajn formula:
..,N are the N ′ column-resp. row vectors from the matrices M and C.
From the definition of the τ -function and the relations for the dressed Cauchy matrix M we obtain: 18) and using the fact that 19) where p K ′ is the diagonal matrix with entries
Here and in what follows the notation χ δ,K ′ denotes the diagonal matrix with entries
The reverse fraction of Eq. (2.20) can be computed by processing the same computation
Using also the fact that
where K = diag(κ 1 , ..., κ N ) and then we have
For arbitrary parameter α we introduce
23)
where we conclude that
We will now proceed the derivation of the dynamical relations of W δ and V δ .
Basic linear relations
In order to derive relations for the objects V α and W α we need to introduce the N -and N ′ −component column-resp. row vectors:
Using these equations, we can write the functions V and W in the forms
Performing the following calculation:
Multiplying both sides by (1 + M C) −1 and introducing the vector
we get the relation
A similar set of relations can be derived for the adjoint vectors (2.27b) which involves the adjoint vector to (2.28), namely 30) and obviously these relations all have their counterparts involving the other lattice shift related to shifts in the discrete independent variables m and h instead of n.
Summarising the results of these derivations, we have the following statement:
Lemma 2.0.2. The N -and N ′ -component vectors given in (2.26), together with the ones given in (2.28) and (2.30) obey the following set of linear shift relations
and a similar set of relations involving the shifts in the variable m is given 32b) and a similar set of relations involving the shifts in the variable h is given
Basic nonlinear relations
The nonlinear relations can be obtained by multiply s T C on the left hand side of (2.31a). We have
where w 0 = s T Cu 0 . The same relations can be obtained in the same way for other shift directions
Combining (2.34) and (2.35), we obtain
Similarly, multiplying the right hand side of (2.31b) with C r, we obtain
We now can write w − w in the following
Introducing new variables V α = Φ α (ξ)V α and W β = Φ β (ξ)W β , we now have
This equation has its counterpart involving the other lattice directions namely
Using (2.41), (2.42a) and (2.42b), we have
or equivalently
These two equations are the "modified lattice KP ".
Taking α = −δ, (2.43) becomes
Taking β = δ, (2.44) becomes
(2.45) and (2.46) are the "asymmetric modified KP ".
Furthermore, for α = −δ, we find that
The combination of these two equations yields 
From (2.42a), if we take α = −ε we also have
The combination of (2.50), (2.51) and (2.52) gives
which is actually the "Hirota's DAGTE ". In the rational case, the summation of coefficients would add up to be zero. In the elliptic case, this condition is no longer to be the case.
Schwarzian KP variables
From the previous relations for u α we can now proceed as follows
from which we get the following relation:
Similarly we have
57a) Multiplying Φ α ( ξ)Φ β (ξ) to the left hand side of (2.54), we have
Introducing the new variable
we can write (2.58) in the form
61)
Using the identity
we can derive the equation
which is the "Schwarzian lattice KP equation", first given the explicit form in [10] .
Remark: Let ∂ denote the derivative w.r.t any independent variable on which solely the ρ i and all the ν j depend, but not any of the other ingredients in the elliptic soliton solutions. Hence ∂ only acts on the ρ i and ν j . Assuming that the latter can be written in the following form: r = Re , s T = e T S where e T = (1, 1, ..., 1) .
we can use the following relation for the Cauchy matrix
to derive the following expression for the action of ∂ on the main variable S α,β In the discrete case one can derive a similar equation to (2.65). Let" " denote here the shift w.r.t any discrete variable on which solely the ρ i and ν j depend. Using the ingredients of the previous case, one can derive the formula:
which constitutes the discrete analogue to (2.65). Note that the shift " " may also represent a composite shift, or a combined shift w.r.t. multiple variables, the derivation of (2.66) only uses the fact that the shift distributes over products of functions of the discrete variable by f g = f g and that the discrete variable enters the solutions via the ρ i and the ν j . There is, however, an important difference between the formulae (2.65) and (2.66), namely that the left hand side of the latter involves also shifts of the eigenfunctions. We expect that these formulae may prove useful in the derivation of conservation laws for the discrete equations considered in this paper.
Hirota form of the elliptic N-soliton solution
In this Section, we will derive some explicit formulae for the soliton solutions in terms of the τ -function, which allow us to study their properties. Using the fact that the matrix M is actually a Cauchy matrix, the τ -function can be explicitly computed by using the expansion
where B = M C.
Lemma 2.0.3. Cauchy-Binet formula: For an arbitrary N × M matrix A and M × N matrix B we have the following formula for the N × N determinant of the product [11] : A (1,..,N )(l1,...,lN ) det B (l1,...,lN )(1,..,N ) if M > N in which A (1,..,N )(l1,...,lN ) denotes the matrix obtained by selecting the l 1 , ..., l N columns from the matrix A and B (l1,...,lN )(1,..,N ) is the matrix obtained by selecting the l 1 , ..., l N rows from the matrix B. ⋄ Using Cauchy-Binet formula, we may express the τ −function in the form (1,2,...,N )(l1,l2,...,lN ) det C (l1,l2,...,lN )(1,2,...,N ) .
( 2.67) where C ij are the entries of the matrix C and M (1,2,. ..,N )(l1,l2,...,lN ) denotes the matrix obtained by selecting the (l 1 , l 2 , ..., l N ) columns from the matrix M and C (l1,l2,...,lN )(1,2,...,N ) is the matrix obtained by selecting the (l 1 , l 2 , ..., l N ) rows from C.
Using the Frobenius formula for the relevant elliptic Cauchy determinants. Thus, from
.
(2.68)
Introducing the notations
the Hirota formula for the τ -function thus takes the form:
l1l2...lN ijs... is the determinant of the N × N matrix of the selected entries of C. The dependence of τ in (2.69) on the discrete dynamical variables n, m, h comes only through the θ i and η j , which in turn depend on n, m, h via the plane wave factors (2.7) and (2.8).
We now consider the plane-wave factors shifted in the " " direction
We find that
If we take κ = κ ′ we have T −δ • T δ (ρν) = ρν.
Let's consider the lattice KP (2.49),
Similarly, setting λ = −ε, we have T λ • T ǫ w = w = w ⇒ w = w , where w = w(n, m − 1),
This implies that the product on the right-hand sides of these relations is conserved in all directions, and then constant:
which is actually the elliptic version of the "lattice KdV " equation.
From (2.42a), if we set λ = −δ we find that
Combining this equation with (2.42b) and using the lattice KdV, we obtain 9) which is the "lattice modified KdV " equation.
From (2.53), if we set λ = −δ, we get
and if we set λ = −ε, we get p δ τ τ + q δ τ τ = q δ τ τ . (3.11) (3.10) and (3.11) are the "lattice Hirota" equations.
From (2.62), if we set λ = −δ we get
and if we set λ = −ε we get
Using the identity: 14) we obtain the equation for Z β,α
which is the "lattice Schwarzian KdV " equation.
The dimensional reductions described here to lattice equations of the KdV class are obtained of the basis of the explicit form for the solutions described in the earlier sections. We would like to mention at this point that in the recent paper [2] , it was shown how to embed all equations in the ABS list in the Schwarzian KP equation (1.6) , through the canonical definition of a "Schwarzian variable" associated with each member of the list.
The continuum limit
In previous Sections, we derive the fully discrete KP equations. The derivation of intermediate and full continuum limits of the lattice KP systems were studied in [22, 23] , as well as [7, 30, 31] where the derivation of hierarchy arising from the lattice KP equations was systematically studied. We will consider continuum limit on the level of the elliptic soliton solution. We will give the detail only for the lattice KP (2.49) and present the final results for the other lattice KP equations.
We find out that it is more convenient to express the lattice KP equation (2.49) in the following form
First continuum limit: The skew limit. We start to perform the continuum limit by making change of discrete variables (n, m) → (N = n + m, m) and then taking the limit
The plane wave functions (2.7) and (2.8) become 
The second limit. Next, we perform the limit on the discrete variable h:
The plane wave functions (4.2) and (4.3) become 
(4.7)
The third limit: The Full limit. This limit can be obtained by investigating the limiting behavior of the plane wave function. From (4.5), we have
where we define b = N δ and
Applying the Taylor expansions, we have
where b = b 0 + N δ and using the chain rule formulae, we have
Using (4.10) and (4.11), we recover the "potential KP " equation in order O(δ 2 ):
At the end of this Section, we would like to mention that the continuum limit can be performed on the rest of KP equations namely the modified and Schwarzian KP equations. We will give a list of the results in the following
The discrete modified KP equation:
Taking the skew limit, we have the differentialdifference equation
Taking another limit on the discrete variable h, we obtain the partial differential-difference equation 15) where
Taking the full limit, we obtain the modified KP equation 16) where
The lattice Schwarzian KP equation: 17) where
Taking the skew limit, we derive the differential-difference equation 
Summary
In this paper, we established the explicit form of a class of elliptic soliton solutions for all the lattice KP equations, based on a construction using elliptic Cauchy matrices denoted by M . urthermore, the construction exhibits numerous relations between the various lattice equations, as well as corresponding Lax pairs. The explicit form for the corresponding τ -function depends crucially on the coefficient matrix C, which opens the way to classify the various different lattice soliton behaviours according to the Schubert decompositions of the corresponding Grassmannians, following similar work in the continuous case by Kodama and Chalravarty, [16] . Several reductions were considered: i) dimensional reduction to KdV lattice systems, and ii) continuum limits to the semidiscrete and fully continuous KP equations. For all these equations the corresponding elliptic soliton solutions are derived in parallel. Furthermore, the result in (2.69) can be simplified to the cases of trigonometric/hyperbolic by taking: σ(x) → sin(x) or σ(x) → sinh(x) and for the rational case we have σ(x) → x. There are well-established connections between soliton solution of integrable PDE and the integrable many body systems [26, 27] . This can be made most explicit in he rational and trigonometric/hyperbolic cases. The elliptic case of this correspondence is more difficult to establish, but we expect that the elliptic solitons which we have studied here can be connected to elliptic case of the discrete-time Ruijsenaars model constructed in [24] , but at this juncture this is still conjectural. Nevertheless, in [28, 29] , an explicit connection between the rational discrete-time RS system and the KP lattice was established using the solution structure of the former model.
